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Abstract 

To determine the Lie groups that admit a flat (eventually complete) 
left invariant semi-Riemannian metric is an open and difficult problem. 
The main aim of this paper is the study of the flatness of left invariant 
semi Riemannian metrics on quadratic Lie groups i.e. Lie groups endowed 
with a bi-invariant semi Riemannian metric. We give a useful necessary 
and sufficient condition that guaranties the flatness of a left invariant 
semi Riemannian metric defined on a quadratic Lie group. All these semi 
Riemannian metrics are complete. We show that there are no Riemannian 
or Lorentzian flat left invariant metrics on non Abelian quadratic Lie 
groups, and that every quadratic 3 step nilpotent Lie group admits a 
flat left invariant semi Riemannian metric. The case of quadratic 2 step 
nilpotent Lie groups is also addressed. 
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Introduction 

This article outlines some facts known by the authors about the semi Rieman- 
nian geometry of a Lie group provided with a semi Riemannian metric invariant 
under left translations. 
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When the relations between curvature or (geodesically) completeness of a 
semi Riemannian metric and another topological or geometrical properties are 
studied it is very useful to have many examples. This paper describes a rich 
collection of examples which are obtained by providing a Lie group G with 
a semi Riemannian metric invariant under left translations. It is well known 
that every left Riemannian metric is complete and in |13j Milnor described 
the Lie groups with flat left invariant Riemannian metrics. By contrast, the 
study of completeness and/or flatness of a non definite metric is in general very 
difficult. Even in the 3 dimensional non unimodular case, there is not in the 
literature a necessary and sufficient condition that guaranties the completeness 
of a left invariant Lorentzian metric. When the 3 dimensional Lie group is 
unimodular, the completeness of a left invariant Lorentzian metric is equivalent 
to the completeness of the geodesies of light type (0]). 

Our class of examples can be enlarged substantially, with no extra effort, as 
follows. If L is any discrete subgroup of G, then a left invariant semi Riemannian 
metric on G gives rise to a metric on the quotient space T\G with identical 
properties of curvature and (in)completeness. The case where T\G is compact 
is of particular interest. 

The first section will survey general old and new results on left invariant 
semi Riemannian metrics on Lie groups. 

The principal and new result (Theorem|4]) gives necessary and sufficient con- 
ditions for the flatness of a left invariant semi Riemannian metric on unimodular 
Lie groups. Under these conditions flatness implies completeness. 

In section 2, necessary and sufficient conditions that guarantees the existence 
of bi-invariant semi Riemannian metrics on Lie groups are given. These groups, 
called quadratic or orthogonal Lie groups, are the central objets of our study. 
Section 3 is devoted to the Jacobi vector fields corresponding to a left invariant 
semi Riemannian metric on Lie groups and on quadratic Lie groups in particular. 
The equation that defines the reflection on the Lie algebra of G of a such vector 
field is particularly simple when the metric is bi-invariant. The reflections of 
the Jacobi vector fields corresponding to the Lorentzian bi-invariant metrics on 
the oscillator Lie groups are determined. 

Theorem O Theorem [SJ Theorem \7\ and Theorem [5] are the main results 
of section 4. The first one specializes Theorem 2] to the case of quadratic Lie 
groups. One of the consequences of Theorem [5] is that every left invariant 
Lorentzian metric on a non Abelian quadratic Lie group is non flat. Theorem 
[7] shows the non existence of flat left invariant semi Riemannian metric on any 
indecomposable quadratic Lie group of dimension 4. The case of left invari- 
ant semi Riemannian metrics on quadratic nilpotent Lie groups is also treated. 
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Theorem [5] shows that every 3 step nilpotent Lie group admits a flat left in- 
variant connection given by an invertible /-derivation. This connection is the 
Levi Civita connection of a semi Riemannian metric if the group is quadratic 
(Theorem^. A left semi Riemannian metric on a nilpotent quadratic Lie group 
(G, k) defined by a k symmetric linear isomorphism u is complete when u pre- 
serves the descending central sequence of the Lie algebra Q ( Proposition 9 ) . If 
(G, k) is 2 step nilpotent and its corank is then G admits many non isometric 
flat left invariant semi Riemannian metrics. If dimG > 8 there are infinitely 
many non isometric such metrics (Theorem 1101) . 

The following result is an important and final remark concerning the classical 
or generalized solutions of the Yang-Baxter equation on quadratic Lie groups 
and the relations with left invariant semi Riemannian metrics. 

Theorem 1 (|2j) Every solution of the classical Yang-Baxter equation on a 
quadratic Lie group induces a flat left invariant semi Riemannian metric on 
the dual Lie groups associated to the solution. Furthermore a solution of the 
generalized Yang-Baxter equation determines a left invariant semi Riemannian 
metric such that the covariant derivative of its curvature tensor vanishes. 

1 General results about left invariant semi Rie- 
mannian metrics on Lie groups 

Let G be a Lie group, e the unit element in G. A non degenerate symmetric 
bilinear form (, ) on Q := G e defines a left invariant semi Riemannian metric on 
G given by the formula 

{v„,w„) a := {(Jj a -i)*,„v a , (Lc-i^^Wa), a G G, v ai w a G G a 

where L CT : r h-> ot, and conversely. 

The Levi-Civita connection V of a semi Riemannian left invariant metric is 
left invariant, and defines a product on the Lie algebra given by the formula 

xy + ■■= V x +y + , 

where x + stands for the left invariant vector field with infinitesimal generator 
x G Q. This product, called the Levi-Civita product, verifies the Koszul 
formula 

2(xy,z) = ([x,y],z) - ([y,z],x) + ([z,x],y). 

By means of 

x{t) := (L CT(4) -i)^ (t) a'(t), 

the equation for the geodesies of the semi Riemannian metric becomes, in the 
Lie algebra, 

X = —XX. (1) 
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Since the Levi-Civita connection is torsion free, the Levi-Civita product 
satisfies 

xy -yx = [x,y]. 

Moreover the Koszul formula implies that the map L x : y H ► xy is ( , ) skew 
symmetric. 

Many features of the geometry of left invariant semi Riemannian metrics on 
Lie groups can be studied in the Lie algebra. 

A semi Riemannian metric is called complete when its geodesies are defined 
for all t € K. Notice that a left invariant semi Riemannian metric is complete 
if and only if the solutions of equation ([1]) are defined for all values of the 
parameter. 

The exponential map associated to a semi Riemannian metric with base 
point a £ G is denoted by Exp CT . This map is defined on all of G a for all a 
whenever the semi Riemannian metric is complete. Notice that in general Exp £ 
differs from the exponential map in Lie theory (see remark Q] bellow). 

Definition 1 A semi Riemannian metric is called flat if the curvature tensor 
vanishes. 

The Levi-Civita product for a fiat left invariant semi Riemannian metric 
on a Lie Group G is a left symmetric product on Q, compatible with the Lie 
bracket, that is 

(xy)z - x(yz) = (yx)z - y(xz), 

and 

xy-yx= [x,y]. 

As a partial converse we have that a left symmetric product compatible with 
the Lie bracket induces a flat left invariant connection on G. 

The existence of a flat left invariant metric on a Lie group imposes serious 
restrictions on the group as the following result shows 

Theorem 2 (Theorem 1.5 (13] ) A Lie group has a left invariant flat Rie- 
mannian metric if and only if its Lie algebra decomposes as a semidirect product 
of an Abelian Lie algebra with an Abelian ideal, the Abelian algebra acting on 
the Abelian ideal by infinitesimal isometries. 

The existence of a flat left invariant metric on a quadratic Lie group imposes 
even more restrictive conditions on the group. In fact under this hypothesis the 
group is Abelian (see proposition O . In the same line of thought Proposition 7 
states that on non Abelian quadratic Lie groups there are no flat left invariant 
Lorentzian metrics. 

In what follows, the following result will be useful 

Theorem 3 A flat left invariant semi Riemannian metric is complete if and 
only if the Lie group is unimodular. 
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For the proof see pQ. 



In [7] the simply connected Lie groups with flat, complete left invariant 
Lorentz metrics are characterized. The nilpotent case was treated alternaterna- 
tively by means of the double extension in pQ. 

The Jacobi fields measure the variation of geodesies: lit ^ r(t) is a geodesic, 
the vector field t n> Y(t) defined on the curve r is a Jacobi vector field 
provided that it satisfies the second order differential equation 

D 2 Y 

where DY/dt stands for the affine covariant derivative of (G, V) of the vector 
field Y on the curve r and R is the curvature tensor. 



Hence if the semi Riemannian metric is flat, then a vector field Y on a 

DY 

geodesic is a Jacobi field if and only if the vector field — — is parallel along the 

dt 

D 2 Y 

geodesic, that is if and only if = 0. 

dt 

Then a necessary condition for a left invariant semi Riemannian metric to 
be flat is that the second covariant derivative of any right invariant vector field 
along every geodesic vanishes. 

Notice that every right invariant vector field is a Jacobi vector field along 
any geodesic, because it is a Killing vector field ( [8]). 

Definition 2 Let r : [a, 6] — > G a geodesic. The points r(a), r(b) are called 
conjugate points if there is a Jacobi field Y on r such that Y(a) = Y(b) = 0. 

Proposition 1 Let r : [a, 6] —t G be a geodesic. Then r(a) and r(b) are conju- 
gate if and only if the rank o/Exp r ^ a ^ at (b — a)r'(a) is less than dim G. 

Lemma 1 Let {M, ( , )) a flat semi Riemannian manifold. Let U be a connected 
neighborhood of G M a where Exp^ is defined. If the semi Riemannian metric 
is flat then Exp CT is a local isometry. 



Proof. Let x G M a , v, w G (M a ) x w M a . Let J V ,J W the unique Jacobi fields 
along a geodesic t : [0, 1] — > G, r(0) — a, t(1) = p such that 

J V (Q) = J W (Q) = a, ^(0) = v, ^(0) = w. 

at dt 

The derivatives of the map 

<p{t) := (J v (t),J w (t)). 

are 

<p'(t) = (^(t), J w {t)) + (J v (t), ^(*)>, 
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^(i) = 2<^,^)V"(t)=0 

since J v , J w are parallel along r. Hence (p"(t) — 2(v, w), tp'(t) = 2t (v, w), ip(t) = 
t 2 (v, w), and 

(dExp (T (0)w,dExp (T (0)u;) = <p(l) = (v,w). 

□ 

As a corollary we have that a complete semi Riemannian flat metric has no 
conjugate points. Furthermore 

Lemma 2 Let (M, ( , )) be a flat semi Riemannian manifold. //Exp p is defined 
for all v 6 M pi then Exp p : (M p ,((, ))) — > [M, ( , )) is a semi Riemannian 
covering, where (( , )) is the affine metric induced by ( , ) p . 



Proof. We have to show that Exp p has the lifting property for geodesies. Let 
r : [0, 1] — > M a geodesic and xq £ M p such that Exp CT (a;o) = t(0). By lemma 
[U there are neighborhoods U and V of x$ in M p and r(0) in M such that 
Exp p defined on U onto V is an isometry. If t satisfies t([0,£)) C V, then 
s h-> Exp^ 1 r(s) is a geodesic in M p . By hypothesis this geodesic is defined in 
[0, 1] and it is a lifting of a. The conclusion follows from Theorem 28.7 in [15] . 

□ 

The following theorem puts together some scattered results 

Theorem 4 Let G be a connected unimodular Lie group and { , ) a left invariant 
semi Riemannian metric on G. Then the following assertions are equivalent: 

i) {,) is flat and complete. 

ii) Exp e is a local isometry (hence, for every a in G, Exp CT is a local isometry) . 
Hi) ( , ) is flat. 

In any case G is solvable, and (G, ( , )) has no conjugate points. 



Proof. By Theorem [3] a flat left invariant semi Riemannian metric defined on 
an unimodular Lie group is complete. The hypothesis of ( , ) being flat implies 
that G is locally symmetric and that Exp ? is a local isometry that has the lifting 
property for geodesies. Hence it is a semi Riemannian covering. 

To prove that G is solvable notice that the hypothesis imply that the Levi- 
Civita connection defined by the semi Riemannian metric is a left invariant affine 
structure. Then there is a representation of G by affine transformations of Q 
with an open orbit and discrete isotropy (see The action of G on Q induced 
by 9 is transitive because the metric is complete. Hence the restriction of the 
representation to a Levi subalgebra is completely reducible. This contradiction 
implies the solvability. □ 

Example. Let G = IR 2 xi SO(K 2 ) be the connected component of the unit 
element of the group of rigid motions of the plane. The product on G is given 
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by 

(x, y, a)(x ,y', /3) = (x + x cos a — y' sin a, y + x' sin a + y' cos a, a + f3). 

Let Q = Span{ei,e2} x Re3, where ei,e2 is an Abelian Lie ideal and [e3,ei] = 
62, [es,&2] — Define a left invariant semi Riemannian metric by the 

Lorentzian quadratic form on Q : 

q(xiei + x 2 e 2 + £363) = x\ + x\ — x\. 

Some straightforward calculations show that 

L ei = L e2 = L e3 = ad e3 . 

Then L^ x ^ = and L x L y = L y L x . Hence the Lorentzian metric is flat. Equa- 
tion ([1]) is in this case 

x\ = x 2 x 3 
x 2 = -X1X3 
x 3 = 

The solution to this equation with initial condition (x±, x 2 , £3) is 

x(t) = (x\ cos(x3<) — x 2 sin(x3t), x\ sin(x3t) + x 2 cos(x3i), X3) . 
The geodesic on G starting at e with initial velocity {x\,x 2l x 3 ) is for x% = 

y(t) = (tei,te 2 ,0), 

and when X3 ^ : 

Hence the exponential map based at e is, for £3 = 0, 

Exp s (xi, 2:2,33) = (aJi,x 2 ,0) 

and for X3 ^ 0, 

h - — cos(2x 3 ) + - — sm(2x 3 ), — cos(2x 3 ) + - — sm(2x 3 ), x 3 ). 

2x3 2x3 2x3 2x3 2x3 2x3 

Hence Exp e is a global isometry. 



2 Quadratic Lie groups 



Definition 3 A Lie group G with a bi-invariant semi Riemannian metric k 
is called orthogonal or quadratic Lie group. The pair (Q,k), where Q is the 
corresponding Lie algebra and k is the restriction of k to Q, is called orthogonal 
or quadratic Lie algebra. 
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Let (Q, k) be a quadratic Lie algebra. Then k is a non degenerate quadratic 
form and ad x is k skew symmetric for all x G Q : 

fc(ad x y, z) + k(y, ad x z) = 0. 

For every left invariant semi Riemannian metric ( , } on G there is a k sym- 
metric isomorphism u of the vector space underlying Q such that, for all x, y € Q 

(x,y) = k(u{x),y). 

Equation ([lj becomes in this case 

u(x) = [u(x),x]. 

The following propositions characterizes quadratic Lie groups. 

Proposition 2 ( [1 Oj ) A Lie group is quadratic if and only if the adjoint and 
co-adjoint actions are isomorphic. 

Proposition 3 The Lie group G is quadratic if and only if the linear Poisson 
structure on Q* given by the Lie bracket of Q has a quadratic, non degenerate 
Casimir. 

Proof. Let (Q, k) be an orthonormal Lie algebra. Denote by 3> : Q — » Q* 
the symmetric isomorphism $(a;) := k(x, •). For x G Q, define x G (Q*)* by 

Let / : Q* -> R be given by /(£) = £($ Clearly / is a non degenerate 

quadratic form, hence its differential is (<i /){(£') = 2£' ( ( I >-1 (£)) or J equivalently, 
(df)(: — 2$~ 1 (£) A . If xo = we get, using the ad invariance of k, that 

{f,x} 6 :=^- 1 (0,x] =$(x )[2x ,x] =A;(a:o,[2so,a:]) = 0, 

for all x £ Q. Therefore / is a Casimir for the Lie-Poisson bracket {•,•}. 

Conversely, let /(a) = b(a, a) be a Casimir, b being a quadratic, symmetric 
and non degenerate quadratic form. Define k :QxQ — > R by fc(x, y) := 'i>~ 1 (x)y, 
where ^(a) := b(a, •). Since ^ is a symmetric isomorphism, so is k. Moreover, 
/ being a Casimir, we get that for all x G {?, {/, x} = 0, that is, 

VaeS*, VxeG, = {(df) a ,x} a = {V(a),x} a . 

Hence for all y,z G Q, 

k(z,[z,y])=0. 
Replacing z by a + i), a,6 £ 5, we get that 

Va,fe,y G G, k(a, [b,y]) + k(b, [a,y]) = 0. 

Hence k is a quadratic structure on Q. □ 
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Remark 1 The Levi-Civita product and the curvature of a bi-invariant semi 
Riemannian metric on a Lie group are given (resp.) by: 

1 l 

X V = -^[x,y], R(x, y) = -^ad[x,y] 

Hence every semi Riemannian bi-invariant metric is geodesically complete, the 
geodesies through the unit element e of G are the 1-parameter subgroups of G, 
and the bi-invariant metric is fiat if and only if the group is 2-step nilpotent. 

3 Jacobi fields on quadratic Lie groups, conju- 
gate points 

Every vector field X on a Lie group defines a map X : G — > Q given by 
a M> (L^-i)*^^. Obviously, a vector field is left invariant if and only if the 
associated map is constant. 

Given a curve a : [to,ti] — > G, every vector field Y on a defines a curve in 

Q: 

Y(t) = (K it) -i)^ {t) Y(t) 

and conversely, every curve in Q defined on [0, 1] determines a vector field on a. 
We say that one is the reflection of the other and we write either j/~ = Y or 
Y~=y. 

Notice that y{t) = (Y(i))~ is equivalent to y(t)t t) = Y(t). 
The following proposition describes the Jacobi fields for a left invariant semi 
Riemannian metric defined on a Lie group. 

Proposition 4 Let G be a Lie group, V a left invariant torsion free connection 
on G and let a : [0, 1] — > G be a geodesic such that <r(0) = e. Then the vector 
field on a, t i-> Y(t) is a Jacobi vector field if and only if its reflection y := Y 
satisfies the differential equation 

y + 2xy = [y,x]x + x[y,x] + [xx, y] (3) 

where, as before, x{t) = (L CT -i(t))* ;<T(t) 0"'(t). 

This proposition is a consequence of the following technical result. 

Lemma 3 With the notations introduced in the previous proposition, the first 
and second covariant derivatives of the vector field Y on a are given by 

(V + xy)~ 

(y" + 2xy' + x'y + x{xy))~ 



DY 
~~dT 

D 2 Y 
dt 2 
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Proof. Let Gbean dimensional Lie with Lie algebra Q and {ej, 1 < i < n} 
be a basis for the vector space underlying Q. Expressing Y by means of ef 
[i = 1, • • • , n), as in proposition SI we get 

DY _ D ^ + 

1=1 

n n 

= E^(*) e t(t)+E^w v -'w e ^ 

n 

= (2/'W)~ + E^( < ) V -'(*) e ^- 
i=l 

Since V CT , (t) e+ = (a;(i)e. i )+ (() , 

n n 

E w(*)V ff / (t) e+ = E^W^W^)^*) = ^WfWJjt) = (*(*M*))~. 



1=1 
that is 

Hence 



^(y) = (j/' + a^/)" 



= Jt {y ' + Xyr 

= {{y' + xy)' + x(y' + xy))~ 

— (y" + x'y + xy' + xy' + x(xy)Y 

= (y" + x'y + 2xy' + x(xy))~ 



□ 



Proof of Proposition [4l Recall that 

R x+y +z + = {[x,y]z - x(yz) + y(xz)) + . 

A straightforward calculation shows that, 

JW(t)0"'(*) = {[y, x]z - y(xz) + x(yz))~. 

Thus Y = y~ is a Jacobi vector field if and only if 

y + xy + 2xy + x{xy) = [y, x]z - y{xz) + x(yz). (4) 

Since a is a geodesic x = —xx, and since the connection is torsion free, 
xy — yx = [x,y], then equation (j3J becomes 

y + 2xy = [y,x]x+(xx)y-y(xx)+x[y,x] 
= [y,x]x + x[y,x] + [(xx),y] 

a 
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Remark 2 If xq =/= is a solution of xx — 0, then the geodesic a through e with 
velocity xq is the one-parameter subgroup of G with infinitesimal generator xq 
and the reflections of Jacobi fields on a are the solutions of the equation 

V + 2x y = [y, x ]x + x [y, x ] 

Corollary 1 If ' V is the Levi-Civita connection defined by a bi-invariant semi 
Riemannian metric, then a vector field Y on a geodesic a : [0,1] — > G with 
er(0) = e, is a Jacobi vector field is and only if its reflection curve y = Y~ is a 
solution of the differential equation 

y = [y,xo], 

where xq is the initial velocity of the geodesic. 

The proof follows immediately from the fact that the Levi-Civita product of a 
bi-invariant metric is given by xy = (1/2) [ar, y]. 

Corollary 2 Let V be the Levi-Civita connection defined by a bi-invariant semi 
Riemannian metric on a nilpotent Lie group. Then the reflection of Jacobi fields 
along a geodesic a : [0, 1] — > G are polynomial. 

Proof. Let Y be a Jacobi field along a geodesic cr, and y its reflection. Then by 

the previous corollary y^ 2 \t) — [y'(t),xo]. Hence z/ fe+1 )(t) = [j/ fe ) (t), xq], and 
y (m+l) = 0; where m ig such that g{ra) _ q n 

Jacobi fields on the oscillator groups 

Consider the quadratic Lie algebra (K 2n ,fco), where ko is an Euclidean inner 
product. Let A := (Ai, . . . , A n ) where each Ai is a positive real number and 9 
the antisymmetric isomorphism of (R 2rl ,/co) given by the matrix (with respect 
to an orthonormal basis) B = {ei, . . . , e n , ei, . . . , e n ) 

Mb9= ( -diag(Ax A„) \ 

y diag(Ai, . .., A„) J 

where diag(Ai, . . . , A„) stands for the diagonal matrix with Ai, . . . , A„ on the 
main diagonal. 

Obviously 6 defines a representation of the Lie algebra R by endomorphisms 
of Q, noted also by 9. 

Let Q(X) be Lie algebra obtained by a process of double extension (see [T2"] ) 
of (R. 2n ,fco) by R by means of 9. This means that the algebra is obtained by 
a central extension Reo x w R 2 ™ of R 2 ™ by R by means of the scalar 2-cocycle 
oj(x,y) :— ko(9(x),y), then by semi-direct product of Re_i by Reo x u R 2 ™ 
where the action is given by 

[e_i,e ] = 0, [e_i,a;] = Ox, for x e R 2n . 
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This algebra has a quadratic structure k that extends fco and is given in the 
Minkowski plane, V = Span{e_i, eo}, by 

k(e , e ) = fc(e_i, e_i) = 0, fc(e_i, e ) = 1 

and is orthogonal to M. 2n . 

Since the algebra Q(X) is solvable, the connected and simply-connected Lie 
group with Lie algebra G(\i, ■ ■ ■ , A„) can be identified as a manifold to M 2n+2 = 
M x C" x M with product 

(s, Z\, . . . , z ni t) ■ (s , z-±, . . . , z nl t ) = 

1 ™ 

(s + s' + - y^lmzj exp(it\j)z'j,zi + exp(i tXi)z[ , . . . ,z n + exp(i tX n )z' n , t + t') 

Definition 4 The groups G(A) are called Oscillator groups and the corre- 
sponding Lie algebras Q(X) are called Oscillator algebras. 

The equation that defines the reflection of a Jacobi field in the oscillator 
algebra is given by 



y'U = o 

y'o = xiy'i h 1- x n y'„ - xiy[ x n y' n 

y'l = -Ai£it/_i + X-iXiy[ 

y'n = -Kx n y'-i + x-\X n y' n 

y'{ = Aiziy^i - a;-iAiyJ 

y'n = Kx n y'-i - x-iX n y' n , 



where x(0) — Xi ei + e^. In order to find the conjugate points to 

e, it is also necessary that y(0) = and y{t\) = for some t x ^ 0. This implies 
that = and the system is equivalent to the system 

y'o = xiv'i h 1- ^J/n - 

J/" = X-iXjy'j 
y'l = -X-iXjy'j 

1 < j < When x_i 7^ 0, the solutions are 

= - 1 ^ sin(x-iAjf) 

since y(0) = 0. In order to have y{t\) — 0, it is necessary that 
a;_iAj t\ = 2nk 7 fceZ, or rj = 
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for all 1 < j < n. Hence, letting Tj — for j ^ i, yo must be a solution to the 
equation 

HO — XiUi ~ x iVi 

= ri {ii cos(x_iAi t) — Xi sin(a:_iAi t)) 

which implies that 

y'o(t) = c H V" i x i cos(x_iAi t) + Xi sin(a;_iA i t)) 

X-iXi 

and thus 

v 

y (t) = d + ct+ l — - (Xi sin(x_i Ai t) - ii cos(x_i Xi <)) . 

[X-lAi) 

Since y Q (0) = y (h) = 0, 

2/0 (*) = 7 TT? fci sin(a;_i Xi t) + Xi(l - cos(x_i Ai t))) 

and the vector field Y = where 

y(t) = y (t)e Q H ^— sin(j:_iAji)e l H 5— (1 - cos(a;_iAi i)) e*, 

x_iAj X-iXi 

is a Jacobi field along the geodesic t f— > exp(ix(0)). The points exp( — x(0)), 

x_iA l 

fc G Z, 1 < i < n, are conjugate to e. 

Notice that when =0 then a Jacobi field along the geodesic t n- 
exp(ix(0)), with y(0) = vanishes everywhere. □ 

In what follows, G is a connected Lie group. 

4 On flat left invariant semi Riemannian metrics 
on quadratic Lie groups 

Let G be a quadratic Lie group and (, } a flat left invariant semi Riemannian 
metric. Notice that a quadratic Lie group is unimodular because ad^ is k skew- 
symmetric, for all x G Q, hence, by Theorem [3J every flat left invariant semi 
Riemannian metric on a quadratic Lie group is complete, and we have a com- 
panion theorem of Theorem 0] 

Theorem 5 Let G be a connected quadratic Lie group, { , ) a left invariant semi 
Riemannian metric on G. Then the following assertions are equivalent 

i) (,) is flat. 

ii) the exponential map relative to ( , } is a local isometry. 
in) ( , ) is flat and complete. 

In any case, G is solvable, and (G, ( , )) has no conjugate points. 
Moreover G viewed as a group of transformations of Q has non trivial central 
1-parameter subgroups of translations. 
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Proof. A quadratic Lie group is unimodular, hence the first part of the theorem 
follows from Theorem |4j 

As for the existence of non-trivial 1-parameter subgroups of translations, 
since the metric is complete, the Levi-Civita product has no non trivial idem- 
potents, hence there is an element x Q G G, %o 7^ sucn that Xo^o = 0. The 
1-parameter subgroup with infinitesimal generator xq is a geodesic for the met- 
ric. □ 

Definition 5 The index of a non degenerate quadratic form q defined on a 
real vector space V is the maximal dimension of a q totally isotropic subspace 
ofV. 

The principal result of this section is 

Theorem 6 If a connected non Abelian quadratic Lie group (G, k) admits a flat 
left invariant semi Riemannian metric (,), then (, } is geodesically complete, G is 
solvable, the index of (, } is > 1 and the universal covering ofG viewed as a group 
of affine transformations contains central 1-parameter groups of translations. 

The two first assertions of the theorem follow from Theorem [4j The other 
assertions will follow from a series of lemmas and propositions. 

Lemma 4 The center of a quadratic Lie group with a flat left invariant semi 
Riemannian metric is non trivial. 

Proof. By Theorem d] the Lie group is solvable. The result follows from the 
observation that Z(Q) ±k = [Q,G]- □ 

Proposition 5 Let (G, k) be quadratic Lie group with a flat left invariant semi 
Riemannian metric. Then then for all e G Z{G), Vg = 0. If the metric is 
either Riemannian or Lorentzian, then for all e G Z (Q) , V e = 0. In this case, 
if u G Gl(G) is the k symmetric isomorphism induced by the semi Riemannian 
metric, then Z (G) is invariant by u. 

Proof. Consider the Levi-Civita product induced by the semi Riemannian 
metric. It is immediate from the Koszul formula that ee' = L e e' = for 
e, e' G Z(G). The following string of equalities 

(L e L e x,y) = -(L e x,L e y) = —{L e x,L y e) = (L y L e x,e) 

= (L e L y x, e) = ~{L y x, L e e) = 0, 

implies the first assertion and it also implies that the subspace Im (L e ) is totally 
isotropic. If the metric is either Riemannian or Lorentzian dimIm(L e ) < 1. 
Suppose that there exists e G Z(G) such that L e ^ 0, and let x such that 
L e x ^ 0. Then for every y G G, there is a A G K such that L e y = XL e x. Notice 
that ( ) = because L e is ( , } skew symmetric. Then 

= (L e y, x) + (y, L e x) = X(L e x, x) + (y, L e x) = (y, L e x), 
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thus, for all y £ G, 

(y,L e x) = 0. 

This equality implies that L e x = 0, because the semi Riemannian metric is non 
degenerate, contrary to the assumption. 

For the second part of the assertion, the Koszul formula 

(xy,z) = - (([x,y],z) - ([y,z],x) + ([z,x],y)) 

for x — e, e £ Z(Q), reduces to 

(L e y,z) = -~([y,z],e) 

for all y, z £ Q. Let u be the k symmetric isomorphism of the underlying vector 
space of Q induced by the semi Riemannian metric ( , ). Then, using that L e = 0, 

= (L e (y),z) = ~([y,z],e) = ~k([y,z],u(e)) = ~k([u(e),y],z). 
The former equality implies that 

= [u(e),y], 

because k is non degenerate. Thus, for a flat left invariant semi Riemannian 
metric of index < 2, u(e) £ Z(Q). 

□ 

Corollary 3 Under the hypothesis of proposition^ if G is viewed as a group of 
affine transformations ofQ, it has one-parameter subgroups of translations. 

As announced in Section 2, the existence of flat left invariant Riemannian 
metrics on quadratic Lie groups imposes severe restrictions on the group: 

Proposition 6 A quadratic Lie group with a flat left invariant Riemannian 
metric is Abelian. 

Proof. By Lemma 01 Z(Q) ^ 0. Consider the map L : Q — > gl(Q) defined by 
x i — ^ L x . The fact that [x, y] = L x y — L y x implies that ker (L) is an Abelian ideal 
of Q. By Proposition [SJ Z(Q) C ker (L). Since the metric is flat, by Theorem 1.5 
in [T3] 

G = ker (L) © H 

where H := ker and H acts on Ker(L) by adjoints. Hence [Q, Q] C ker (L). 
Since [Q, Q] is orthogonal to Z(Q) relative to ( , ) (if e £ Z{Q), and x,y £ Q then 
([x,y],e) = k([x, y], u{e)) = k(x, [y,u(e)\) — 0, because Z(Q) is invariant by u.) 
Since Q is quadratic, 

dimZ(G) + dim[£, Q] = dimQ. 
Hence H = (0). □ 
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Proposition 7 A flat left invariant semi Riemannian metric on a non Abelian 
quadratic Lie group has index > 2. 

Proof. Let (Q, k) a non Abelian quadratic Lie algebra. Then, by Proposition|51 
Q has no flat left invariant Riemannian metric. Suppose that u is a k symmetric 
isomorphism of Q such that k u := ( , ) is Lorentzian and flat. We proceed by 
induction on the dimension of Q. A non Abelian quadratic algebra of dimension 
< 3 has no flat left invariant semi Riemannian metric. Since Z(Q) ^ (0), 
suppose first that Z{Q) is non degenerate for k. Then 

g = z(g) [g,g] 

because, as noted before [g,g] — Z(g) ±k . Furthermore, is a non Abelian 

quadratic Lie algebra. Since u is k symmetric and leaves invariant Z(g), it 
leaves also invariant [Q,Q\, and ( , ) is non degenerate both on Z(g) and [g, g\. 
The restriction of ( , ) to [g, g] is either Riemannian or Lorentzian. Because 
of Proposition [5] and by the induction hypothesis it cannot be either one. 
Hence Z(g) is degenerate for k. Let eo € Z{Q) such that k(e ,e) = for 
all e 6 Z(g), that is eo G Z{g) n [5,5]- By Proposition u(eo) € Z(g), hence 
(e , [a;,y]) = fe(u(e ), [x,y]) = k([u(e ),x],y) = for all x,y <E g. This implies 
that Span {eo, it(eo)} is ( , } totally isotropic. The semi Riemannian metric be- 
ing Lorentzian, the vector space is of dimension 1, hence u(eo) = veo, for some 
v ^ 0. 

Since [g, Q\ is invariant by u, the algebra [g, C?]/Reo is a quadratic Lie algebra 
with a flat left invariant Riemannian metric. By Proposition|5]it is Abelian, that 
is, Va;, y €E \Q, Q\, [x,y\ G Meo. The isomorphism u induces an isomorphism u 
on [g, g]/Reo, and the reduced metric induced by ( , ) on [(/, <?]/Reo, is positive 
definite. Then there is an orthonormal basis, {Ei}, relative to the reduced 
metric, that diagonalizes u : u(Ei) = ViEi. 

Let Ei an element in [G,G] that projects onto Ei in [^,^]/Meo. 

Then {e , E\, ■ ■ ■ , E n } is a basis of [g, Q] and 

{E i ,E j ) = 8 ii k(e ,Ei) = Q i,j>l. 

Let 

u(£ , 4 ) = ViEi + /i,e . 

(/i, G R,i > 1), then 

fc(^,S i ) = — • 

The same construction can be done for Z(g)/Reo. The isomorphism u in- 
duces an isomorphism u on iJ(C?)/Reo, and the reduced metric induced by k u on 
Z(g)/Meo, is positive definite. Then there is an orthonormal basis relative to the 
induced metric {Fi}, that diagonalizes the induced isomorphism: u(Fi) = v[Fi. 

Let e_i any vector in g not in Z(g) + [g, Q\. Then the vector space underlying 
the Lie algebra g decomposes as: 

£ = Span{Fi : 1 < i < m} © Span {Ei : 1 < i < n} © Span{e_i, e }. 
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The vector e_i can be chosen to satisfy (e_i, eo) = 1 and 

e_i _L() Span{Fi : 1 < i < m} e_i ±^ Spanji^ : 1 < i < n}. 

Since u is fc-symmetric, 

w(e_i) = z/e_i + pe + + X! 

where p = (e_i, e_i). 

Denote by [-Ei,-Ej] = pije , (for i, j > 1) and notice that p,j = — p^j. In order 
to calculate 

(Re-iBi-^i, e_i) 

some remarks are needed: 

1. Vi > 1, L Ei Ei = 0, because 

(L Ei Ei,x) = {[x,Ei],Ei) = k{[x,E i ],v i E i + meo) = 0,Vx e Q. 

2. Vx,yEG, (L x y,y} = 0. 

3. Vx,y e £?, (L x y,e ) = 0. 

4. [e_i, Si] = Py-Ej because [e_i, £ 4 ] = ae +Ej ®j E j and &([e-i, -Ei], -Ej) = 
fc(e_i, [E u Ej\) = pij, a = fc[e_i, Ei], e_i) = 0. 

5. {L Ej e-\,Ei) = 

= {lfflidE^e-^Ei) - ([e-uE&Ej) + ([£?<,£?.,•], e_i) 
= {l/2){-pjiUi - pijVj + pijv) 

After a rather cumbersome, yet straightforward calculation, we get 

(Re- 1 E t E l , e_i) = 

(-^[e-i.Eil-E'i! e -i) _ {L e _ 1 L El E l - L Ei L e _ 1 E l , e_i) = 
- (Ej ■ Pij{E i ,L Ej e-{) S j - {L e _ 1 E l ,L Ez e_ 1 ) = 
-(1/2) 4- fa - "J + ") ~ (i^e-i, L^e-i + [e_i, 

Since 

(L Bl e_i, L Ei e_ x ) = ^ ^-(^- - Vi + vf 

j 3 

and 

Pi 

(L Ei e-i,[e-i,Ei\) = ^2(L Ei e- 1 ,p ij E j ) = X]~f"fa -^ + z/), 
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we have 



(R e _ lEi Ei, e_ x ) = P%i v i ~ u i) ~ !&S v i ~ Vi + v ^ 

and 

P 2 

Y^e-^Ei, e_!) = - £ - ^ + ^) 2 . 

i i,j ^ 

Recall that the metric is Lorentzian and flat, then i/j > and 
implies that, for all i,j > 1, 

= p? J (^-^ + ^) 2 . 

Notice that /Oy ^ 0, for some i, j for otherwise [Q, Q] would be Abelian. Then 

Vj — Vi + v = 
Ui — v } ■ + v = 

and v = 0, which contradicts the hypothesis. □ 

Proof of Theorem [6J Let G be a quadratic non Abelian Lie group. By 
Theorem [5] every flat left invariant semi Riemannian metric on G is geodesically 
complete, and by Theorem H] , G is solvable. By Proposition 5, the geodesic 
through the unit of G with velocity eg is the 1-parameter subgroup of G with 
infinitesimal generator eo, because eoeo = 0. Finally, Proposition 7 states that 
the index of the metric is > 2. 

The following corollaries are also consequences of Theorem [5] 

Corollary 4 Every left invariant semi Riemannian metric on a quadratic Lie 
group with non trivial Levi component ( in particular when the group is reductive ) 
is non flat. 

Definition 6 A quadratic Lie group (G, k) is called undecomposable if it 

has no non trivial normal Lie subgroups N such that the restriction of the bi- 
invariant metric k to N is non degenerate. At the algebra level, this means that 
every ideal of Q is k degenerate. 

Corollary 5 Let (G, k) be an undecomposable quadratic Lie group that admits 
a flat left invariant semi Riemannian metric. Then the index of k is > 2. 

Theorem 7 Every undecomposable quadratic Lie group of dimension 4 has 
affine left invariant structures and no flat left invariant semi Riemannian met- 
rics. 
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Proof. There are two undecomposable quadratic connected Lie groups. The 
first one is the oscillator group of dimension 4 that was treated in [5] . The Lie 
algebra of the second one is obtained as follows. 

Let Q be the Abelian Lie algebra obtained by quadratic double extension 
from the Minkowski plane Span{ei,e2} (viewed as an Abelian Lie algebra) by 
a central line Reo- This is a four-dimensional quadratic Lie algebra with an 
ad antisymmetric scalar product of index 2. It has a basis e_i, eo,ei, e2 with 
bracket 

[ei,e 2 ] = -e , [e_i,ei]=e 2 , [e_i,e 2 ]=ei 
and quadratic structure 

fe(e_i,e ) = fc(ei,ei) = -fc(e 2 ,e 2 ) = 1, 

the non stated products are either given by antisymmetry /symmetry or are 0. 
Note that Z{Q) = Ke . 

We claim that Q has no left invariant flat semi Riemannian metric. Suppose 
on the contrary that there exists a k symmetric isomorphism u of the vector 
space underlying Q such that the metric 

(x,y) := k(x,u(y)) 

is flat. By Proposition [5] , we have that 

im L eo C ker L eo . 

Recall that, for a left invariant semi Riemannian metric, the Levi-Civita product 
is given by: 

2xy = [x,y] + vT l ([x,u(y)] + [y,u{x)}). 

Then 

2L e<) = o ad u(eD ) 

hence 

imad„ (eo ) = u(imL eo ) C u(kerL eQ ) = u(kerad„ (eo) ). (5) 
This equation implies that 

rankad M(eo) < 2. 

Let tt(eo) = x_ie_i + xqCq + x x ei + x 2 e 2 - 

If X—i ^ 0, then eo and u(eo) are linearly independent and 

imad u(eo ) = u(ker ad„( eo) ) = Span{w(e ), u 2 (e )}. (6) 

It is easy to show that 

imad 1i ( eo ) = Span{u(ei) = x 2 eo + x-\e 2l u{e 2 ) = — x\e$ + x-iei}. 

By Equation [6l there exist Ai, B±, A 2 , B 2 such that 

x 2 e Q + x_ie 2 = Aiu(e ) + B 1 u 2 (e ) 
— xieo + X-iei = A 2 u(e ) + B 2 u 2 (eo) 
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Then 

= k(x 2 e + x-ie 2 ,e ) = k(Aiu(e ) + 5iu 2 (e ), e ) 
= fc(-a;ieo + x_iei, e ) = k(A 2 u(e ) + B 2 u 2 (e ), e ). 

and 

= Aik(u(e ),e ) + Bik(u 2 (e ) : e ) 
= A 2 k(u(e ),e ) + B 2 k(u 2 (e ) : e ). 

As a consequence, A\ = XA 2 , B\ — XB 2 , and 

x 2 e +x-ie 2 = Aiu(e )+Biu 2 (e a ) = X(A 2 u(e )+B 2 u 2 (e )) = A(~xie +x_iei). 

This equality contradicts the fact that eo,e\,e 2 are linearly independent. 

If X-i = 0, and x\ + x\ ^ 0, then u(eo) = xoeo + x\e\ + x 2 e 2 , and 
dim (kerad„( eo )) = 2. Hence dim (imad u ( eo )) = 2, and 

im(ad„(e )) = w(kerad u(eo )). 

Moreover ker(ad„( eo )) = Span {eo, u(eo)} and eo € imad u ( eo ). 

By ([5]), eo = Xu(eo) + /j,u 2 (eo) with /i ^ 0, because we are supposing that 
u(e ) £ Re . Then 

= fc(e , e ) = fc(Au(e ) + ^u 2 (e ), e ) = Afc(w(e ), e ) + ^k(u 2 (e Q ), e ) 

and the hypothesis imply that 

= fc(w 2 (e ), e ) = k(u(e ), u(e )) = x\ - irj. 

Then xi = ±0:2 • Suppose first that £1 = x 2 = a (a ^ 0, because u(eo) ^ 
Reo). Then u(e ) = aeo + a{e\ + e 2 ). Consider a new basis of Q consisting of 
e_i,e ,wi = ei + e 2 ,U2 = ei - e 2 . Then 

V := kcrad tl(eo) = Span {e , ui}. 

We have that u(e_i) = —^261 — ^ie2 = — av\. Hence 

imad„( eo) = Span {e , u{e x )} = Span {e , Vx}. 

This implies that u leaves V invariant. In particular u(yi) £ V. Hence u{v\) = 
Aeo + Bv\ , and 

A = k(u(vi), e_i) = k(vi, u(e_i)) = —ak(vi, v%) = 0. 

Then and it(e_i) are linearly dependent, which is not possible. 

If x\ = —x 2 = a, then the same proof applies, with v 2 playing the role of v\. 

Finally, suppose that rankad„( eo ) = 0, that is tt(eo) S Reo- Without loss of 
generality, suppose that u(eo) = 6q. 

Some calculations show that 

. (T} s 6(-l + a + d) 
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where b — k{u(e.2), ei), a — k(u(ei), ei), and d = — fc(u(e2), 62). The semi Rie- 
mannian metric being flat, either b = Oora + d=l. If a + d = 1 then 

k (R e „ ljei e_i,ei) = 1. 

Since the former equality contradicts the hypothesis, b — 0. Using this, we get 

= k (R e _ 1 ,e I e_i,ei) = -i-(a 2 + 2o(-l + d) - (-1 + d)(l + 3d)), 
v ' Aad 

and 

= k (R e _ lje2 e_i, ea) = ^(3a 2 - 2a(l + d) - (-1 + d) 2 ). 

Adding the two equations, we get 

= a 2 - a - d(-l + d) = (a - d)(a + d - 1). 

It is easy to check that neither a = d nor a + d = 1 satisfy 

3a 2 - 2a(l + d) - (-1 + d) 2 = 0. 

In order to conclude the proof of Theorem \7\ it is easy to check that the 
linear map Q — > gl [Q) given by 



x = x_ 1 e_ 1 + x e + x 1 e 1 + x 2 e 2 H- L x = ^ 



/ \ 

X2 —X\ 

2x_i 

\ 2a;_i / 



is a left symmetric product on Q compatible with the Lie bracket. □ 

Remark 3 In fact, for this latter quadratic group there is a left invariant affine 
structure which is holomorphic (JBj). 

As a consequence, we have that for undecomposable quadratic Lie groups of 
dimension 4, no exponential map of a left invariant semi Riemannian metric is 
a local isometry. 

The following results give flat left invariant semi Riemannian metrics on 
nilpotent Lie groups. Let / be an endomorphism of the underlying vector space 
of a Lie algebra Q, such that 

/([*,!/]) -[/(*),/(!/)] 6^(5) 

for all x,y € Q. Such an endomorphism is called a q-homomorphism of Lie 
algebras. An endomorphism d of the linear space Q is called an / derivation if 

d[x,y] = [dxjy] + [fx.dy], 

for all x,y G G- In particular a derivation is a Id derivation. 
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Proposition 8 Let (G, k) a quadratic Lie algebra with an invertible f derivation 
d. Then the semi Riemannian metric defined by 

(x,y) = k(dx,dy) 

is flat and the Levi-Civita product is given by 

X V = d~ 1 [fx,dy}. 

Proof. The Levi-Civita product is given by the Koszul formula: 

2{xy,z) = {[x,y],z) - {[y,z],x) + {[z,x],y) 

By the definition of the metric, 

2k{d(xy) 1 dz) = k(d[x, y],dz) — k(d[y, z],dx) + k(d[z, x],dy). 

Using the fact that d is a / derivation, 

2k(d(xy),dz) = k([dx, fy],dz) - k([dy, fz],dx) + k([dz, fx],dy) 
+k([fx,dy],dz) - k([fy,dz],dx) + k([fz,dx],dy) 
= 2k([fx,dy],dz). 

Hence 

d(xy) = [fx, dy] 
because k is non degenerate. A simple calculation shows that 

(xy)z = d~ x [fx, [fy,dz]]. 

Therefore, 

(xy)z - (yx)z = d~ x ([fx, [fy, dz}} - [fy, [fx, dz}}) 
= d-^fxjyldz] 

Finally, 

[x, y]z = d- 1 ([f[x, y],dz\) = d' 1 ([[fx, fy],dz]) 
because d is a / derivation and / is a q-homomorphism of Lie algebras. 

Theorem 8 Every 3 step nilpotent Lie group has an invertible f derivation d 
that induces a flat left invariant connection on G. 

Proof. Every 3 step nilpotent can be decomposed as 

Q = Go 9 Qi ® G2 

where G = [Q, [G,G]] C Z(G), Gi is a supplement of Go in [G,G] and G2 is a 
supplement of [G, G] in G- Define 

f(x) = a t x for x £ Gi, 
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where a\ = 4/9, a 2 = 2/3, and 

d(x) = ctiX for x € Qi, 

with da = a\. The conditions on the parameters in order that d is an / derivation 
are: 

a a 2 ^ 
a Q = (4/9)a 2 + a a 
a 2 = 1/3. 
The / derivation d is invertible and the product 

xy := d~ 1 ([fx,dy}) 

is left symmetric hence defines a flat left invariant connection on Q . 

Theorem 9 Every quadratic 3 step nilpotent Lie group admits a flat left in- 
variant semi Riemannian metric induced by an invertible f derivation on its 
Lie algebra. 

Another general situation with flat left invariant complete semi Riemannian 
metric is for quadratic Lie groups with a left invariant symplectic form fjllj). 

Proposition 9 Let {Q, k) be a nilpotent, quadratic Lie algebra and u a k sym- 
metric isomorphism of the vector space underlying Q. If u preserves the descend- 
ing central sequence Q ( and hence the ascending central sequence of Q) then the 
metric k u is complete. Moreover, the solutions of the Euler equation (Qp are 
polynomial. 

The proposition follows from the following lemma. 

Lemma 5 If (G, k) is a nilpotent, quadratic Lie algebra of degree m and v £ 
End(<5) preserves the descending central sequence of Q , then the mth derivative 
of the vector field given by 

x = [x, v{x)] 

is zero. 

Proof. Let t H> a(t) be a curve in Q. Define j3(t) := [a(t),v(a(t))]. Then 

i 

Vz e N\ {0}, = C ) [« (3) W,"(« (H) W)] 

and /3W e C^+^iG). Hence, if x ; t i-> x{t) is a solution of (TJJ and (3(t) := 
[x(t),v(x(t))}, then fi^{t) = x^ +1 \t), Mi e N. It follows that x^ £ C m (G) = 
{0}. □ 

Proof of Proposition^ Consider in Lemma [5] the vector field x = [x, u _1 (a:)]. 
□ 

Remark 4 There are incomplete left invariant semi Riemannian metrics on 
nilpotent quadratic Lie groups. 

The following is an example of this situation. 
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Example. 

Let Q = Spanjeo, ex, e%, e 3 , e 4 } with Lie bracket 

[e 4 ,ei]=e 2 ; [e 4 ,e 2 ]=e 3 ; [ex,e 2 ] 



the non stated products are obtained either by antisymmetry or are zero. For 
x G Q, let x = x eo + Xx&x + x 2 e 2 + x 3 e 3 + x 4 e 4 . The Lie algebra Q is 3 step 
nilpotent and for k given by 

k(x, x) := 2{xq X4 — x\ x 3 ) + x\, 

(Q, k) is quadratic. Let u G GL(f/) with matrix given in the basis B = {eo, ex, e%, e^}, 



M B (u) 



It is easy to check that u is k symmetric. Equation (fTJ) is (in the same coordinate 
system) 



( 


i 











\ 


1 








Q 













1 






















-1 




V o 








-1 





) 



Xq 
Xx 
Xl 



—x 2 x + x\Xi 


XxX$ + XiX 3 

x 2 x 4 + x 2 x 3 
0. 



The curve 



x (t) = 



-2 



i(t)=0; x 2 (t) = -—; x 3 (t) = c(l + 1) 2 - 1; x 4 (t) = 1 



is a non complete solution of Equation (TTJ) , see [3] . Hence the semi Riemannian 
metric defined by u is not flat. 

Notice that the quadratic Lie algebra (G, k) given in the example above is 
a 3 step nilpotent quadratic algebra. The flat metric given by Theorem [9] is of 
signature (2,3). This algebra is undecomposable. 



Proof of the undecomposability. Remark that Z{Q) is totally isotropic and 
that any ideal of dimension I is central. Let T an ideal of dimension 2. Since 
1C\Z{Q) ^ (0), I = Span{x,y} where x = a; eo + x 3 e3, y = y e + y x ex + y 2 e 2 + 
Vze 3 + yxex. The vectors 

x e + x 3 e 3 

V2eo~VAe 2 = [ex,y] 
~Vieo-y4e 3 = [e 2 ,y] 
yie 2 + y 2 e 3 = [e 4 ,y} 
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are in X. Since we are assuming that the ideal is of dimension 2, the matrix 

I x x 3 \ 

2/2 -2/4 

-2/1 -y 4 

V 7/1 j/2 / 

has rank at most 2. This implies that 

2/4(2:32/1 - 2:02/4) = 
2/2(2:32/1-2:02/4) = 
2/1(2:32/1-2:02/4) = 

If 2:32/1 - 2:02/4 ^ 0, 2/1 = 2/2 = 2/4 = and 2/ G £(<?). If 2:32/1 - 2:02/4 = 0, then 

k(x,x) = 

k(x,y) = k(x e + x 3 e 3 ,y e + y x e\ + y 2 e 2 + 2/363 + 2/4e 4 ) 

= .To2/4 - 3732/1 = 0. 

and the ideal X is degenerate. □ 

5 Quadratic 2-step nilpotent Lie groups 

Let (<?, fc) be a quadratic 2-step nilpotent Lie algebra with corank, that is such 
that [G,Q] = Z{Q). Under this hypothesis the Lie algebra (G,k) is isomorphic 
to a quadratic Lie algebra (V®V*,9, k) where V* = [Q, Q], 6 G A 3 (V), r&nkd = 
dim V, the bracket is given by 

[(x,a),(y,(3)] = (0,e(x,y,-)), 

and 

k((x,a),(y,p))=a(y)+p(x). 

Let G G1(V) and define u : V ® V* -)• V © V* by u(a;, a) := (^(a:),* 0(a)) = 
{4>{x),a o 0). It is easily verified that u G GL(V © V*). Denote by (,)^ the 
bilinear form induced on V (B V* via k by w (hence by 5). Then ( , )^ is non 
degenerate and u is ( , )^ symmetric. We have 

Theorem 10 Let (G, k) be a quadratic Lie group with Lie algebra Q := (V © 
V* ,8, k), as above. Then for every <fi G G\(V) the metric ( , defines a flat and 
geodesically complete semi Riemannian metric on G, and (G, (,}$), G, (,)<£') 
are isometric if and only if <fi' — ^ 1 (f>ip for some tp G G1(V). Moreover, if 
V > 9 there are infinitely many non isometric such metrics. 

Proof. The Levi-Civita product associated to (,),/, is given by 
2ab := 2L a b = [a,b] + u^ 1 ([a,u(b)} + [b,u(a)]). 
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In order to prove that £[„,&] = [L a ,Lb] notice that, since V* = [G,Q] = Z{Q) 
and u~ l invariant, then 

a(bc) — b(ac) = [a, b]c = 0, 

for all a,b,c E Q. Hence is flat, and geodesically complete because Q is 
unimodular. 

A straightforward calculation shows that (Q, 8, k, 4>) and (G, 9, k, </>') are iso- 
metric if and only if there exists ip S G1(V) such that <f>' — tp -1 ^. 

Finally the Vinberg-Elashvili classification Theorem [T7] implies that there 
are infinitely many non degenerate and non conjugate 3-linear forms on V when 
dim]/ > 9. Consequently there are infinitely many non isometric flat left invari- 
ant semi Ricmannian metrics on G. 

□ 

Theorem [TU] can be used to construct flat compact semi Riemannian nilman- 
ifolds as is shown by the following example. 

Example 

Consider the Lie algebra Ad with basis {e\, ea, e^, /i, /2} and Lie bracket 

[ei, e 2 ] = / 2 , [e 3 , e 4 ] = / 2 , [ei, e 3 ] = f lt [e 2 , e 4 ] = df 2 

where d is a square free integer. It is clear that Ad is a 2-step nilpotent Lie 
algebra of corank. Moreover if d ^ d' the Q algebras Ad and Ad' are not 
isomorphic (see [TB]). Hence the simply connected Lie group G of Lie algebra 
*tAd := A* d Xicoadj Ad has lattices. Consequently the manifold M = T\G, where 
F is a lattice, have many flat semi Riemannian metrics. 

For more details on 2-step nilpotent quadratic Lie algebras, see [T3] . 

Acknowledgments 

The authors wish to thank Ph. Revoy for the fruitful discussions during the 
elaboration of this work. 

References 

[1] Aubert, A.; Medina, A. Groupes de Lie pseudo-riemanniens plats. Tohoku 
Math. J. (2) 55 , no. 4, 487-506 (2003). 

[2] Boucetta, M. ; Medina, A. Solutions of the Yang-Baxter equations on or- 
thogonal groups : the case of oscillator groups. arXiv: 1008.2435 

[3] Bromberg, S.; Medina, A. Completude de I'equation d'Euler. Algebra and 
operator theory (Tashkent, 1997), 127-144, Kluwer Acad. PubL, Dordrecht, 
1998. 



26 



[4] Bromberg, S.; Medina, A. Geodesically complete Lorentzian metrics on 
some homogeneous 3 manifolds. Symmetry Integrability Geom. Methods 
Appl. 4 (2008), Paper 088. 

[5] Bromberg, S.; Medina, A. A homogeneous space-time model with singular- 
ities. J. Math. Phys. 41 (2000), no. 12, 8190-8195. 

[6] Diatta, A.; Medina, A. Classical Yang-Baxter equation and left invariant 
afjine geometry on Lie groups. Manuscripta Math. 114 (2004), no. 4, 477- 
486. 

[7] Grunewald, F.; Margulis, G. Transitive and quasitransitive actions of afjine 
groups preserving a generalized Lorentz- structure. J. Geom. Phys. 5 (1988), 
no. 4, 493-531, (1989). 

[8] Kobayashi, S. ; Nomizu, K. Foundations of differential geometry. Vol I. 
Interscience Publishers, a division of John Wiley & Sons, 1963 

[9] Medina, A. Flat left invariant connections adapted to the automorphism 
structure of a Lie group. J. Differential Geom. 16, no. 3, 445-474 (1982) 

[10] Medina, A.; Revoy, Ph. Algebres de Lie orthogonales. Modules orthogonaux. 
Comm. Algebra 21 (1993), no. 7, 2295-2315. 

[11] Medina, A.; Revoy, Ph. Groupes de Lie a Structure Symplectique invariante 
a gauche. MSRI Publications No 20 , Berkeley. Spinger-Verlag, 247-266, 
1991. 

[12] Medina, A.; Revoy, Ph. Les groupes oscillateurs et leurs rseaux. 
Manuscripta Math. 52 (1985), no. 1-3, 8195. 

[13] Milnor, J. Curvatures of left invariant metrics on Lie groups. Advances in 
Math. 21 (1976), no. 3, 293-329. 

[14] Noui, L. ; Revoy, Ph. Algebres de Lie orthogonales et formes trilineaires 
alternees. Communications in algebra, 25 (2) 617-622 (1997). 

[15] O'Neil, B. Semi-Riemannian geometry. With applications to relativity. Pure 
and Applied Mathematics, 103. Academic Press, Inc., New York, 1983. 

[16] Scheuneman, J. Two-step nilpotent Lie algebras. J. Algebra 7, 152-159, 
1967. 

[17] Vinberg, E.B., Elashvili, A.G. A classification of the three-vectors in nine- 
dimensional space. (Russian) Trudy Sem. Vcktor. Tcnzor. Anal. 18 (1978), 
197-233. 



27 



